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A new correlation between the capture cross-section parameter (A) and principal
variables involved in high-gradient magnetic separation (HGMS) was developed. It is
based on the use of an alternative dimensionless parameter, B, in lieu of the traditional

v,/U,

which facilitated the estimation of A over a much broader spectrum of vari-

ables. This new correlation is far more versatile than correlations and approximate
models in the current literature, which are only applicable to specific situations in HGMS
systems. Querall, this new correlation should be extremely useful in the design, develop-
ment, optimization and modeling of HGMS systems.

Introduction

High-gradient magnetic separation (HGMS) is a technique
that has been specially designed for the removal and separa-
tion of paramagnetic particles of sizes that range between 0.1
and 50 uwm. The technique is based on the use of small mag-
netic elements (such as stainless-steel wool or wire) that gen-
erate gradients in a uniform magnetic field. These gradients
give rise to large attractive forces that allow for the removal
of particles from aqueous solutions that are impossible to re-
move by other traditional magnetic separation methods. An
HGMS unit normally consists of a canister inserted within
the bore of an electromagnet, in which the magnetic element
is placed. With the field turned on, a solution containing the
particles is passed through the matrix until saturation, after
which, the field is turned off and the material retained is
collected by backflushing, which prepares the canister for the
next cycle.

Theoretical and experimental attention has been paid
mostly to the retention dynamics in a flowthrough HGMS
bed for different configurations among the field, flow, and
collector wires (Avens, 1996; Avens et al., 1992; Birss et al.,
1978, 1976; Cowen and Friedlaender, 1977, Cowen et al.,
1976; Cummings et al., 1976; Friedlaender et al., 1981a,b,
1978; Gerber et al., 1996, 1983; Gerber, 1994, 1984, 1980;
Gerber and Lawson, 1989; Gerber and Birss, 1983; Tacob and
Rezlescu, 1997; Kramer et al.,, 1990; Lawson and Gerber,
1990; Luborsky and Drummond, 1976, 1975; Murariu et al.,
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1998; Parker, 1988; Prenger et al., 1993; Schake et al., 1994,
Schewe et al., 1980; Sheerer et al.,, 1981; Stekly and Min-
ervini, 1981; Takayasu et al., 1976; Watson, 1973, 1978a,b;
Worl et al, 1997), with particular emphasis placed on the
transverse and longitudinal configurations and also the so-
called capture cross section (A) (Avens, 1996; Avens et al.,
1992; Cowen et al., 1976; Cummings et al., 1976; Friedlaen-
der et al., 1981a; Gerber, 1994; Gerber and Lawson, 1989;
Gerber and Birss, 1983; Gerber, 1980; Lawson and Gerber,
1990; Prenger et al., 1993; Schake et al., 1994; Sheerer et al.,
1981; Watson, 1973, 1978a; Worl et al., 1997). The capture
cross section represents the maximum perpendicular distance
that a particle can be from the flow streamline that passes
through the center of the wire and still be retained. This pa-
rameter depends on many factors, of which the most impor-
tant are the magnetic properties of both the suspended solids
and the matrix, the applied field, the superficial velocity and
the physical properties of the liquid (that is, density and vis-
cosity), and the sizes of both the suspended particles and the
matrix wires. The capture cross section also changes as the
wire becomes increasingly loaded with retained material, and
eventually goes to zero at saturation (Akoto, 1977; Cowen
and Friedlaender, 1977; Cowen et al., 1976; Gerber, 1994,
1980; Gerber and Lawson, 1989; Gerber and Birss, 1983;
Lawson and Gerber, 1990; Watson, 1978b).

The traditional way of obtaining A has been through the
use of trajectory models (Gerber, 1994, 1980; Gerber and
Birss, 1983; Luborsky and Drummond, 1976, 1975), which
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consist of partial differential equations that dynamically sim-
ulate the motion of a single particle toward a single wire when
subjected to different forces. Although trajectory models are
able to handle any configuration between the magnetic field
and fluid flow, most of the correlations derived from trajec-
tory models only address two particular configurations: longi-
tudinal (that is, when the magnetic field and fluid flow are
perpendicular to the wire and both parallel to each other)
and transverse (that is, the same as in the longitudinal config-
uration, but when the magnetic field and fluid flow are per-
pendicular to each other) (Cowen et al., 1976; Gerber, 1994,
1980; Gerber and Birss, 1983; Luborsky and Drummond,
1976, 1975; Watson, 1978a). The first correlation that was ob-
tained from a trajectory model, and has since been used by
certain authors (Gerber and Lawson, 1989; Lawson and Ger-
ber, 1990; Luborsky and Drummond, 1976, 1975), was devel-
oped by Watson (1973) for the longitudinal configuration over
a clean wire. This correlation is valid for low magnetic-field
conditions; it is also valid for the transverse configuration, as
is demonstrated later (Gerber, 1994; Gerber and Birss, 1983).
Its main drawback, however, is that it overlooks the effect of
the short-range term of the magnetic force (that is, the term
associated with the parameter «, as shown later), which
thereby restricts its applicability to Watson’s specific experi-
mental conditions. Adjustments to the model were later in-
troduced by Cowen et al. (Cowen et al., 1976; Watson, 1978a)
to account for this limitation, but only for the case where the
wire and particles have the same radius.

The first correlations developed for a wider spectrum of
conditions were obtained by Gerber and coworkers (Gerber
and Birss, 1983; Gerber, 1994) from analytical approxima-
tions of trajectory models for both the transverse and longitu-
dinal configurations. The main restriction of these correla-
tions, however, is that they only apply rigorously to extreme
values of the magnetic field (that is, only at low and high
values), and therefore lack the continuity that is needed in a
single correlation. This problem is resolved here based on a
new, single correlation that can be used to predict A at all
values of the magnetic field over a wide range of HGMS pro-
cess conditions and for each configuration (that is, for both

the longitudinal and transverse configurations). The basis be-
hind this correlation and its development are described and
discussed.

Trajectory Model

The trajectory model (Watson, 1973; Cummings et al., 1976;
Friedlaender et al., 1981a; Gerber, 1994, 1980; Gerber and
Birss, 1983; Kramer et al., 1990) used here assumes that a
particle is moving in potential flow toward a single and clean
wire of cylindrical shape, with its axis placed perpendicular to
the direction of flow and with the magnetic field directed
toward the two given directions, as shown in Figure 1. Sev-
eral forces are relevant in the retention of a particle by a
wire, among which the most important are the inertial, mag-
netic, viscous, gravitational, and Brownian forces. However,
in liquid phase systems, where viscous effects are significant,
inertial forces are normally assumed unimportant (Watson,
1973; Cummings et al., 1976; Friedlaender et al., 1981a; Ger-
ber, 1994, 1980; Gerber and Birss, 1983; Kramer et al., 1990).
Also, the particles are assumed large enough to neglect the
disruptive effects of Brownian forces. Gerber and coworkers
(Gerber, 1984; Gerber et al., 1983; Takayasu et al., 1976) have
shown, for example, that depending on the magnetic suscep-
tibility, the particle radii for which Brownian motion becomes
important vary from 100 (Mn,P,0,) to 700 nm (Al,O5) if
stainless-steel wires of 100 um diameter and fields of 8 x 103
A m~! (that is, B,=1 T) are used. With these studies in
mind, the following dimensionless differential force balance
on a single particle in cylindrical coordinates is obtained
(Cummings et al., 1976):
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Figure 1. Side view of a particle of radius R, approaching a matrix wire in a magnetic field H, directed (a) parallel or
(b) perpendicular to the flow with superficial velocity U, and capture cross section Ye-
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where p, and pp are the densities of the fluid and particles,
respectively; 7 is the viscosity of the fluid; u,, p, and u,
are the volumetric susceptibilities of vacuum (which is close
to that of the fluid), the wire, and the particle, respectively;
R, is the radius of the particle; M, and H, are the magneti-
zation of the matrix fiber and applied field, respectively; U,
is the so-called magnetic velocity, and U, and U are the vec-
torial velocities of the particle and liquid, respectively, with
the latter under potential flow and intersticial velocity U,.
Note that the preceding equations are slightly different from
those in the work of Cummings (1976), where the chosen
characteristic length was the radius of the particle R; here it
is the radius of the wire R.. In terms of these variables, a
dimensionless capture cross section is defined as

A= n

and is shown in Figure 1. The plus and minus signs in Eq. 1
stand for the fluid flow and magnetic field being parallel
(longitudinal) and perpendicular (transverse), respectively. It
is also important to remark that the values of A obtained
from Eq. 1 are valid only for the early stages of retention
dynamics on the wire because the trajectory model is based
on a clean matrix wire. Although the effect of a loaded ma-
trix wire on A is very important (Akoto, 1977; Cowen and
Friedlaender, 1977; Cowen et al., 1976; Gerber, 1994, 1980;
Gerber and Lawson, 1989; Gerber and Birss, 1983; Lawson
and Gerber, 1990; Watson, 1978b), it is beyond the scope of
this study.

Three independent dimensionless groups can be identified
in Eq. 1. These are «, which appears in the short-range term
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of the radial component of the magnetic force in Eq. 1, N,
which is next to the gravitational term, and the ratio U, /U,
that appears on the lefthand side of the magnetic force. The
parameter o is the demagnetizing factor and represents the
fraction of the field that is reduced from H, when it goes
through a material with a magnetic permeability that is dif-
ferent from that of the medium and with magnetic poles in
the direction of the applied field (see Eq. A8 in the Ap-
pendix). In paramagnetic materials, « is always less than unity
and independent of the field H, (since for paramagnetic ma-
terials M, is linearly dependent on the applied field H,). In
ferromagnetic materials, such as stainless steel, however, it
can be shown (see the Appendix, Eq. A12 and Watson, 1978)
that a can attain values larger than unity, especially if the
applied field is smalier than one-half the remanence magne-
tization and close in magnitude to the coercive force of the
material (that is, stainless steel). In this situation it happens
that the net internal field on the wire, that is, the sum of the
applied and demagnetization fields, points against the ap-
plied field H, (see Eq. A7). However, ferromagnetic materi-
als made of annealed ferritic stainless steel are extremely soft
and present coercive fields lower than 1000 A m~' (Chen,
1986), and thus, at very low applied fields H, (say 20,000 A
m~!, or B,=0.025 T) a rapidly approaches unity from a
value that is initially greater than unity and stays there ap-
proximately until reaching saturation of the matrix (that is,
when H,= M_ /2), then it starts to decrease (Cowen et al.,
1976; Friedlaender et al., 1978; Takayasu et al., 1983). This is
why in most practical situations of HGMS, « can be assumed
to be between 0 and 1. The parameter « can also be viewed
as the ratio of the short-range magnetic force (that is, the
fifth-order term in Eq. 1) to the long-range magnetic force
(that is, the third-order term in Eq. 1), and because of this it
usually has no role under very strong magnetic conditions
(Gerber, 1994, 1980; Gerber and Birss, 1983). The terms
U,/U, and N,, on the other hand, represent ratios of the
long-range magnetic and gravitational forces, respectively, to
the fluid drag force. The effect of gravity, although small and
normally ignored (Avens, 1996; Avens et al., 1992; Cummings
et al., 1976; Friedlaender et al., 1981a,b; Gerber et al., 1996;
Gerber, 1994, 1980; Gerber and Lawson, 1989; Gerber and
Birss, 1983; Kramer et al., 1990; Lawson and Gerber, 1990;
Luborsky and Drummond, 1976, 1975; Prenger et al., 1993;
Schake et al., 1994; Watson, 1973, 1978; Worl et al., 1997), is
examined here to make the correlation more complete.

Similar to Watson (1973) and others (Cowen et al., 1976),
the trajectory model, depicted in Egs. 1 to 10, is used here to
generate values of the capture cross section for a wide range
of conditions and properties by varying « and U, /U,. Since
U, /U, and a appear to be related through Eq. 3, U, /U, can
alternatively be split into two dimensionless groups by rewrit-
ting Eq. 3 as

U, 2 b
7,73 aB, (12)
with 8 being simply
Re N, T
B=—g (13)
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In this way, it is straightforward to observe how the capture
cross section varies with respect to « and B. Although B has
no clear physical meaning, its selection as an alternative di-
mensionless group to U,,/U, is shown later to be mathemati-
cally essential in obtaining a single correlation for the cap-
ture cross section.

The trajectory model was run for several values of « and
B while keeping the dimensionless capture cross section lower
than ten. The effect of gravity was also investigated by keep-
ing N, = 0.0 or (.2. Moreover, to obtain an accurate correla-
tion, the parameters « and B were varied over very wide
ranges of values; however, it is important to emphasize that
for the particular case of «, only values less than or equal to
unity have practical meaning. With this in mind, the follow-
ing ranges for parameters o and B8 were chosen

0.0002 < & < 10,000 (14)

0.0001 < B < 10,000. (15)
To assure sufficient accuracy, a fourth-order Runge-Kutta
method was utilized to obtain the solution to Egs. 1 to 10 in
terms of r’ and 8, that is, the trajectory of the particle around
the wire (see Figure 1). All of the simulations were initiated
by setting the initial condition equal to ten fiber radii away
from the fiber in the x-direction (see Figure 1) to start the
trajectory of the particle from a position where it is only
moved by the fluid flow. Then, for a given « and B and
starting essentially at y =0, increasingly larger values of y
were selected until the particle just escaped the magnetic
force field and was not retained by the wire. The previous
value of y that caused the particle to be captured was de-
noted as the capture cross section for the selected values of
a and B, or, y, = fla, B=3U,/2U,a). It is noteworthy,
however, that different from other trajectory models, it was
also assumed that the surface was perfectly smooth, meaning
that once the particle hit the surface, it moved freely along
the surface in the direction of the net tangential force. How-
ever, if the particle felt a repulsive force in the normal direc-
tion before reaching an equilibrium position, it left the sur-
face and returned back to the flow. This procedure was re-
peated for the two different field orientations (that is, trans-
verse and longitudinal) shown in Figure 1. After collecting
sufficient data, correlations between A, and « and 8 for both
situations were developed. The results are given below.

Results and Discussion

Figure 2a shows the results obtained from the dynamic runs
with the trajectory model for both magnetic-field configura-
tions and for different values of a and B. Some of the data
points in Figure 2a were recast in terms of the traditional
parameters « and U,,/U,; these results are shown in Figure
2b. The lines and arrows in both figures are included only to
guide the eyes and to differentiate between the points with
similar values of 8 or U, /U,. There are several interesting
points to mention about the results in Figure 2. First, slightly
larger values are obtained for the case when the magnetic
field is perpendicular to the fluid flow (solid circles) com-
pared to when it is parallel (open triangles), especially at large
values of A. This is merely due to the difference between the

306 February 2001

b)

| [6&7E0

2 L

In(})

-4

-6

U /U, =333 E-04 | —
_8 N L N 1 n 1 1 1 . i i 1 " 1 " L . !

10 8 6 -4 2 0 2 4 6 8 10
In(a)

Figure 2. Capture cross sections ( A) obtained from the
trajectory model for a wide range of « and g8
values and for the two magnetic-field orienta-
tions.

distributions of the magnetic field in both configurations.
When the field is perpendicular to the flow, the attractive
poles of the matrix wire are at 8 = 90 and 270°, and when the
field is parallel to the flow the attractive poles are at 6§ =0
and 180°. In the latter case, the particles must be closer to
the matrix to be retained under the same conditions. This
result alone, however, does not indicate that the perpendicu-
lar configuration is better than the parallel one because the
performance also depends on the saturation loading of the
matrix, which is not treated here. The void space observed
for values of @ < 0.14 (that is, In @ = —2.0) and A < 0.4 (that
is, In A= —1.0) is another interesting feature. It is caused by
the smooth-surface assumption, and therefore, the particles
in this region are driven away by the flow because the viscous
drag on the particle overwhelms both the short-ranged (that
is, small ) and long-ranged (that is, small U,,/U,) magnetic
forces. This result also indicates that HGMS processes oper-
ated under these conditions would be very inefficient and
should be avoided.

It is also interesting that when A is expressed as a function
of a and U,,/U,, as in Figure 2b, it becomes independent of
a (that is, @ <1) for high and constant values of U, /U,. In
particular, this is true when U, /U, > V2, which is in agree-
ment with that reported elsewhere (Gerber, 1994; Gerber and
Birss, 1983). This happens when the ratio of the long-ranged
magnetic force to the drag force is large (that is, U,,/U,), and
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hence the role of the short ranged-force (that is, «) in the
entrapment of a paramagnetic particle approaching from a
critical distance is small or negligible. Under these condi-
tions, the paramagnetic particle is irreversibly trapped far
from the surface of the wire (that is, large A).

The most interesting characteristic observed in Figure 2a,
however, is that all of the curves amazingly appear to be quite
similar when A is represented in terms of « and B. This is
not at all true when A is plotted as a function of « and U, /U,.
Thus, as stated earlier and as shown below, the idea of
choosing « and B in lieu of & and U, /U, as the independ-
ent parameters turned out to be instrumental in obtaining a
single correlation for the whole spectrum of variables and
conditions governing HGMS. First, it was speculated that the
similar appearance of all of the curves in Figure 2a inferred
that their shape was independent of B. Moreover, all of them
exhibited two different and clearly distinguishable linear re-
gions with a smooth transition occurring at around A= 0.6.
They were also systematically displaced from one another in
the direction of the Ina axis, indicating that the distances
(that is, in the direction of the a-axis) between any curves
having fixed values of B were independent of A. The preced-
ing parallelism indicated that if a reference value InA, was
selected and the corresponding values of a denoted as «,
were determined for each of the curves in Figure 2a, then for
each of these curves, any value of Ina relative to Ine, (that
is, Ina —Ina,) would produce identical values of A. This ob-
servation suggested that all of the curves in Figure 2a would
collapse into a single curve by expressing In A in terms of
Ina —Ina,. Moreover, if a relationship between B and «,
could be found, a much simpler relationship between A, and
the parameters « and B, would be obtained. This relation-
ship was obtained by plotting In «, as a function of In 8, with
In A, arbitrarily set to zero, as shown in Figure 3.

Figure 3 reveals two clearly distinguishable linear zones
with a sharp transition occurring at around 3 =35. As a con-
sequence, four clearly defined regions could be realized (that
is, two defined by In 8 times the two already observed in Fig-
ure 2a) in the relationship between InA and the dimension-
less groups InB and Ina. This unique result suggested the
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Figure 3. Dependency between the relative positions of
the curves in Figure 2 in terms of Ina, as a
function of In 8 for an arbitrary reference
plane, In A =0.0.
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following correlation of combinations of linear functions (de-
noted in brackets) between Ine, and InB, and InA and (Ine
—-Ina,)

¢,=[In a,~a;In B—b,][In a,~a, In B—b, ] (16)
c;=[InA-d\(Ina—na,)—e;][In A—d,(In a—In a,) — e, ].
(17)

Equations 16 and 17 represent a set of two hyperbolic func-
tions with asymptotes as the linear trends observed in Figures
2a and 3, and the transition smoothness defined by the values
of ¢, and c,. These two equations can be expressed explicitly
in terms of In«, and InA according to

- A, -4 -4cC,

Ina,= 5 (18)
- A-vA?-4C
In A=—w2 ) (19)
where
A,=—[(a;+a,)In B+(b,+b,)] (20)
Co=(ayInB+b)(a;lnB+b,) (21)
A=-[(d,+dy)(na—In a,)+(e; +e;)] (22)

C=[di(na-Ina,)+e][d)(Ina—Ina,)+e,]. (23)

The minus sign to the left of the square-root expression in
both Eqs. 18 and 19 ensures the correct convexity of the curves
in Figures 2a and 3. These two equations contain ten ad-
justable parameters (that is, a;, a,, b, b,, ¢, ¢35, d,, ds, €,
and e,) that were obtained by fitting this correlation to the
capture cross section values obtained from the trajectory
model. However, four of them (that is, 4y, @,, d;, and d,)
were already defined (approximately) by the slopes of the lin-
ear zones of the curves in Figures 2a and 3. These values
were therefore used as good initial guesses in a nonlinear
regression routine. The resulting correlation parameters are
shown in Table 1 for both orientations of the magnetic field.

Figure 4 compares the values of A obtained from the tra-
jectory model to those obtained from the correlation for both
flow and field configurations. Some deviations were observed
in both situations at values of A larger than four, and espe-
cially for the case when the field and flow were in the same
direction. In this case, a maximum error of 17.7% was ob-
served, but with an overall average error of only 4.2%. Better
results were obtained, however, for the case when the field
was perpendicular to the flow, with maximum and average
errors of only 10.3 and 2.6%, respectively. These slight devia-
tions suggested that the shapes of the curves were not totally
independent of the value of B, especially at large applied
fields (which was consistent with large values of A). They were
caused by the fact that at such large fields the initial x-direc-
tion condition of the trajectory model was not far enough
from the fiber to be free from its magnetic influence and
therefore at such a position the particle could no longer move
parallel to the x-direction. Despite the preceding, Figure 5
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Table 1. Parameters for the New Capture Cross-Section
Correlation (Egs. 16 and 17) with Magnetic Field and Flow
Parallel (Longitudinal) and Perpendicular (Transverse)

Magnetic Field Magnetic Field

Parameter || to Flow 1 to Flow

a, ~0.49480 —0.48990

a, —1.00603 —1.02248

b, 0.19565 0.52197

b, 1.05324 1.50099

cy 0.05207 0.36778

c, 3.57310 1.66374

d; 0.24419 0.34487

d, 2.20249 2.07542

e, 1.17855 0.77117

e, 2.30095 2.07217
Max. error (%) 17.7 103
Avg. error (%)* 42 2.6

*Error (%) € =1001 Aey — Agoy | Acal.
**Average error (%): € = (I/n) L7_ ¢,

shows that in both situations the correlation (solid lines)
agreed very well with the behavior observed from the trajec-
tory model (symbols).

The effect of gravity was also investigated at a relatively
high value of N,. Figure 5 shows the results for the particular
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Figure 4. Capture cross sections from the trajectory
modei (A_,.) vs. those from the new correla-
tion (A_,,,) for the (a) longitudinal and (b)
transverse cases in Table 1.
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Figure 5. Capture cross sections ( A) obtained from the
trajectory model with N, = 0.0 {open circles)
and N, = 0.2 (solid circles) vs. those from the
correlation with N, =0.0 (lines) for the (a)
longitudinal and (b) transverse cases in Table
1.

case with Ng=0.2. As expected, the results show that the
trajectory model was relatively insensitive to the effect of
gravity when N, was less than about 0.2. In both situations
the error was never larger than about 10%. This result was
consistent with that reported elsewhere (Lawson and Gerber,
1990; Gerber and Lawson, 1989; Watson, 1973; Cummings et
al., 1976; Worl et al., 1997; Avens, 1996; Schake et al., 1994;
Prenger et al.,, 1993; Avens et al., 1992; Friedlaender et al.,
1981 a,b; Luborsky and Drummond, 1976, 1975; Gerber et
al., 1996; Kramer et al., 1990).

Figure 6 compares the results from the new correlation with
those obtained by Watson (1973) from a similar trajectory
model in terms of U, /U,. The agreement between his results
and the ones predicted by the new correlation was quite sat-
isfactory, with only minor differences observed in the region
close to the origin. These differences were caused by the fact
that the singular point obtained from the trajectory model
(see Gerber and Birss, 1983) fell within the wire, so that
smaller results were obtained from the “smooth surface”
assumption utilized here as opposed to the “hit and stay”
assumption utilized by Watson. It must be emphasized, how-
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Figure 6. New correlation vs. trajectory results by Wat-
son (1973) that apply only to o = 0.0669.

0.1

ever, that Watson obtained his trajectory results for the par-
ticular case of a = 0.0669; therefore, the correlation he de-
rived from them was quite limited in its range of application.
In contrast, the new correlation extends this range for any
feasible and practical values of «, making it applicable to a
wide range of HGMS conditions. The importance of this work
becomes even more apparent by noting that Watson’s corre-
lation has been applied erroncously in the literature (Lawson
and Gerber, 1990; Gerber and Lawson, 1989; Luborsky and
Drummond, 1976, 1975) to situations where the value of «
was not even close to 0.0669. This was especially serious when
the applied field was such that U, /U, < V2, a condition where
A depends not only on U, /U, but also on « (Gerber, 1994;
Gerber and Birss, 1983).

In this regard, Gerber et al. (Gerber, 1994; Gerber and
Birss, 1983) presented the following analytical approxima-
tio;E for the two different field configurations. When U, /U,
<y2,

] m
2 U,

=

A= [(1-a®) "+ a[7—acos(a)])  (24)
for the longitudinal configuration, and

1 U, 05
/\=:?-—U—{(l—a2) +a[27r-acos(a)]} (25)

for the transverse configuration. When U, /U, > V2,

3 (U 2(u 7
)\=Z\/§(—l}—) 1—5(70) } (26)

o

for both configurations. These approximations are compared
to the new correlation for practical ranges of « and U, /U,
in Figures 7 and 8 for the longitudinal and transverse config-
urations, respectively. In general, the agreement was not very
good at low field conditions (that is, U, /U, <v2), especially

AIChE Journal

RN

In(3.)

21

3t

-5 L L P " " 1 " PR i
35 30 25 20 45 10 05 00 05
In(a)

Figure 7. New correlation {(solid lines) vs. correlation by
Gerber et al. (Gerber, 1994; Gerber and Birss,
1983) for the longitudinal configuration with
(@ U,/U,<v2 (O ..)and (b) U, /U,>V2
@..).

close to the transition zone (that is, U, /U, =y2). Again, as
with Watson’s results, the lower values of A observed for the
new correlation were mainly due to the smooth surface as-
sumption utilized in this work. However, the differences ob-
served at higher values of a, and especially close to the tran-
sition zone (that is, intermediate values of U, /U,)), were
mainly due to the approximations utilized by Gerber and Birss
(1983) to derive Eqgs. 24 and 25. In this case, the singular
points of the trajectory model fell outside the wire, and
therefore the assumptions involved in Egs. 24 and 25 were no
longer valid. Different results were obtained, however, for
high field conditions (that is, U, /U, >v2), where satisfactory
agreement was observed with these approximate models and
the new correlation, especially at low values of «. The new
correlation also reveals that A becomes independent of a for
large values of U,,/U,; this trend is not observed with the
approximate models. Overall, the main advantage of the new
correlation over the approximate analytical models devel-
oped by Gerber et al. (Gerber, 1994; Gerber and Birss, 1983)
is its ability to cover the entire spectrum of practical fields
(that is, U,,/U, values) with very good accuracy, as shown in
Figure 4.

February 2001 Vol. 47, No. 2 309



L a)
1L 100

A F

In(})

2 b

3t

in(3)

a3l o2

0.1

5 n : " L i " N " i
-3.5 -3.0 25 2.0 -1.5 -1.0 0.5 0.0 0.5
In{ey)

Figure 8. New correlation (solid lines) vs. correlation by
Gerber et al. (Gerber, 1994; Gerber and Birss,
1983) for the transverse configuration with (a)
U,/U,<v2 (O .. ) and (b) U,/U,>V2
(@..).

The only issue that remains to be addressed is how to ap-
ply this correlation to an actual HGMS process. The opera-
tion of an HGMS process is governed by the two dimension-
less groups « and B. Thus, for a given set of process condi-
tions, and the appropriate set of correlation parameters from
Table 1, A is determined as follows: for a particular value of
B, A,, and C, are calculated from Eqs. 20 and 21, respec-
tively, and then these values are used to calculate «, from
Eq. 18. For the particular value of «, and using the «, just
obtained, 4 and C are calculated from Egs. 22 and 23, re-
spectively, and then these values are used to calculate A from
Eq. 19. It is important to stress that B does not need to ap-
pear in the preceding relations; the same can be done by
using only o and U,,/U, if the relationship between B and
these two variables (that is, Eq. 12) is directly inserted into
the previous relationships (that is, Egs. 18 to 23). Clearly,
with this explicit solution methodology, this correlation can
be easily incorporated into a fixed-bed HGMS-process model
to describe the retention dynamics of suspensions. It should
also be easy to account for polydispersities in both particle
size and particle magnetic susceptibility by applying the ap-
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propriate distribution functions along with these correlations
in a fixed-bed HGMS model.

Conclusions

A new, relatively easy to use and very robust correlation
was developed for the determination of the capture cross sec-
tion (A) in HGMS systems. This correlation covers much
broader ranges of process conditions and physical properties
compared to the current correlations and approximate ana-
Iytical models in the literature. Thus, it should prove to be
very useful in the design, development, optimization, and
modeling of HGMS processes.

This new correlation was formulated in terms of combina-
tions of linear functions based on four linear regions ob-
served in the log-log domain between A and the dimension-
less groups « and B. These linear trends were quite remark-
able and the reason why the correlation adequately predicted
the behavior of the trajectory model over such broad spec-
trums of a and B. Results not shown in this work indicated
that these linear trends persisted even if the “hit and stay”
assumption was applied, and even if the initial conditions for
the trajectory model were changed such that the particle
started at a distance greater than ten radii from the fiber, as
used in this work. Thus, the formulation behind the correla-
tion is recommended not only for its simplicity but also for its
robustness through a variety of assumptions.

This work, however, only considered the situation where
the wire was completely clean, and therefore, the correla-
tions are rigorously applicable only for the early stages of
retention dynamics. Loading effects on A are of paramount
importance because, as the wire becomes increasingly loaded,
the new incoming particles cannot get as close to the ferro-
magnetic element, which may reduce the values of A consid-
erably. Future work should address this issue.

Finally, the main utility of this correlation is its application
in modeling HGMS processes that involve solutions contain-
ing suspensions of particles that are polydisperse in both size
and magnetic susceptibility. Because of the complexity of this
situation, models available in the literature that have at-
tempted to predict or correlate the behavior of an HGMS
system, have assumed the solution to be composed of parti-
cles of the same size and magnetic susceptibility. However,
this new correlation greatly facilitates the modeling of het-
erogeneous systems, because it is straightforward to relate A
to the preceding two variables. Future work should use these
correlations to compare the accuracy of the single size—single
magnetic susceptibility models in predicting the more com-
plex and realistic situations associated with polydispersity.
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Notation

A =parameter in Eq. 22
A, =parameter in Eq. 20
a = coefficient of the magnetic potential within the wire de-
fined in Eq. A3a, A-m™!
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a, =adjustable parameter in Eq. 16
a, =adjustable parameter in Eq. 16
b =coefficient of the magnetic potential external to the wire
defined in Eq. A3b, A-m
b, = adjustable parameter in Eq. 16
b, =adjustable parameter in Eq. 16
B, = magnetic induction of the applied field, T
B; (o1 = total magnetic induction within the wire, T
C =parameter in Eq. 23
C, = parameter in Eq. 21
¢, =adjustable parameter in Eq. 16
¢, =adjustable parameter in Eq. 17
d, = adjustable parameter in Eq. 17
d, =adjustable parameter in Eq. 17
e, =adjustable parameter in Eq. 17
e, =adjustable parameter in Eq. 17
g =gravitational constant, m-s >
H_ =coercive force field of the wire, A-m™
H, = demagnetization field of the wire, A-m
H, i1, =radial component of the total magnetic field outside the
wire, A-m~
= total magnetic field within the wire, A-m™~
=radial component of the total magnetic field within the
wire, A-m ™!
H, =external applied field, A-m™*
i, =0 vectorial component in cylindrical coordinates
i, =r vectorial component in cylindrical coordinates
k =linear slope of the dependence of M, on H, ., Eq. Al
M, = magnetization of the wire, A-m ™!
M, . =remanence magnetization of the wire, A-m~
M, , =magnetization of the wire at saturation, A-m
N, = dimensionless number, ratio between gravity and viscous
forces, Eq. 9
N,, =dimensionless number, ratio between magnetic and ki-
netic energies, Eq. 6
r =distance from the center of the wire to the center of the
particle, m
r' =dimensionless r relative to R, Eq. 10
R_ =radius of the wire, m
R, =radius of the particle, m
Re, =Reynolds number of the liquid phase, Eq. 8
=ratio of R, to R, Eq. 6
t =time, s
U, =interstitial velocity of the liquid phase, m«s™
U, = vectorial velocity of the fluid under potential flow, m-s™~
U, =vectorial velocity of the particle, m+s™"
sz; = dimensionless ratio of U to U,
U,, = magnetic velocity defined according to Eq. 3, m+s™
U = dimensionless ratio of U, to U,
y,, = capture cross section, m

1
~1

H, !

i.total

i,total,r

1
-1

1
1

1

Greek letters

a =demagnetizing factor for a wire
a, =demagnetizing factor for an arbitrary In A
B = dimensionless group defined according to Eq. 13
¢, = magnetic potential within the wire defined according Eq.
A3a, A
¢, = magnetic potential outside the wire defined according Eq.
A3b, A
I' = demagnetization factor for a sphere and defined in Eq. 5
7;/ =viscosity of the liquid phase, Pa-s
= dimensionless ratio of y, to R,
= magnetic permeability of the hquld phase, T-m-A~!
;L = magnetic permeability of the particle, T-m-A™!
6 - angle defined according to Figure 1
p; =density of the liquid phase, kg-m™*
p], =density of the particle, kg-m >
7 =dimensionless ratio of ¢ to R,/U,, Eq. 10

Subscripts

calc =from the trajectory model
corr = from the correlation model
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Appendix

At low total internal magnetic fields (H, ) and within
the outermost hysteresis loop (that is, the magnetic path fol-
lowed when turning off the applied field), the magnetization
of a ferromagnetic cylinder can be assumed to follow a linear
relationship with the total internal field according to

Mc=Mc,r+kHi,total> (Al)
where M, , is the remanence magnetization of the wire ma-
terial and & is of the order or approximately equal to

= | (A2)

with H_ being the coercive field of the wire material. Under
these circumstances, the divergenceless condition of the mag-
netic flux renders the following expressions in cylindrical co-
ordinates for the scalar magnetic potential

¢;=—rH,cos8 +arcosf if r<R, (A3a)

b
¢, =—rH,cos 8 + —cos 6 if r>R,. (A3b)

Also, the following two boundary conditions apply:
1. Continuity of the flux at the interface
I‘Lo(Hi,total,r + Mc cos 0) = /“‘o(He,tmal,r); (A4a)

2. Continuity of the scalar potential at the interface

d)i = d)e’

where the subscript 7 in the field terms indicates the radial
component of the total field, with H, o being the total ex-

(Adb)

312 February 2001

ternal field. From Eqgs. Al, A3, and A4, and knowing that

I,
Hi,total,r == —ET (Asa)
dd,
Hp,total,r == ar’ (ASb)
it can be shown that
b M., +kH, AG
TR vk (AS)

and because all the ficld lines are parallel inside the cylindri-
cal wire, the net value of the internal field is given by

Hooo—— M, +EkH, CH = 2H, - Mm’ (A7)
o 2+k ? 24k
or, in terms of the demagnetizing factor «,
H, o = (1= a)H,, (A8)
where « is given by
- )

The first term on the righthand side of Eq. A7 is the so-called
demagnetization field of the cylindrical wire (normally re-
ferred to as H,), which is generated by the formation of free
magnetic poles at the surface when an applied field H, is
perpendicular to the axis of the cylindrical wire. These poles
have opposing signs at each side of the wire, causing the field
that is originated by them (that is, H,) to point against the
applied field (as indicated by the negative sign preceding the
term). Notice from Eq. A7 that if H, <1/2M,, the matrix is
always under magnetization reversal, that is, the demagneti-
zation field is strong enough for H, .., to oppose the applied
field H, (that is, negative). In most ferritic steels, M, , >
400,000 A-m~! (that is, B, = 0.5 T) (Chen, 1986), which is
quite a significant value and indicates that H; ., is positive
only at relatively high applied fields. Also, notice that if & is
very large, as in soft and annealed ferromagnetic materials,
like ferritic stainless steels, the total internal field H, ., is
very small (say less than 2,000 A-m™'). ’

Now, from Eqgs. Al and A7 the magnetization of the wire
becomes

H, - Mc,r
Mc = Mc,r +k 2+ k s
or
M M 2k H 0
=5 M., +5—H, Al
¢ T gk Ter T e (A10)
which is also equal to, after substitution of Eq. A9,
M,=2aH,. (All)
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Using Eq. A2 and assuming k large, Eqs. A10 and A1l fi-
nally show that

MC
2

o=

&| &

+1, (A12)

=

which is identical to the expression obtained by Watson
(Watson, 1978). It is clear from this last expression that as
long as a linear dependence exists between the magnetization
of the wire and the total internal field (that is, Eq. Al), « is
larger than unity. In annealed ferritic stainless steel, how-
ever, H, is normally very small (that is, H, <1000 A-m™")
(Chen, 1986), so it does not take much for the applied field
to cause a to decrease rapidly to a value close to unity. Also,
it is simple to show that from the constitutive equation of

magnetic fields, that is,
Bi,total = :u‘a(Hi,total + Mc) = I'L(:Hi,total (A13)

and Egs. A9 and Al1l, the demagnetizing factor becomes

C - l‘LO
o=t , (A14)
Mot 1y

in agreement with Eq. 4. Finally, it is also easy to show that
the magnetic potential outside the wire (that is, Eq. 3b) leads
to the same expression of the magnetic force in Eq. 1.
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